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For ﬁnite non-empty sets of integers A and B put
A þˆ B ¼ fa þ b: a 2 A; b 2 B; aabg. In this paper, we prove that
jA þˆ Bj ¼ ð1þ oð1ÞÞjA þ Bj:
# 2002 Elsevier Science (USA)1. INTRODUCTION
For a non-empty subset of integers A write
A þ A ¼ fa þ a0: a; a0 2 Ag
and
A þˆ A ¼ fa þ a0: a; a0 2 A; aaa0g:
Furthermore, note that to study the problem of estimating the cardinalities
of sets A þ A or A þˆ A we can assume without loss of generality that A is
normalized:
gcdðAÞ ¼ 1; A 
 ½0; ‘; and 0; ‘ 2 A:
Indeed, if A ¼ fa1; . . . ; ang; a15   5an and gcdðA  AÞ ¼ d, then one can
consider the set AN ¼ f0; ða2  a1Þ=d; . . . ; ðan  a1Þ=dg, because clearly we
have jA þ Aj ¼ jAN þ AN j and jA þˆ Aj ¼ jAN þˆ AN j.
It seems that the cardinalities of sets A þ A and A þˆ A are closely related,
but the best-known lower bounds on jA þˆ Aj are far away from estimates of
jA þ Aj. It would be reasonable to expect that an analogous of the following
well-known theorem of Freiman [6] is also true for the restricted sumsets
A þˆ A.48
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CARDINALITY OF RESTRICTED SUMSETS 49Theorem (Freiman). Let A be a set of n integers such that
gcdðAÞ ¼ 1; A 
 ½0; ‘, and 0; ‘ 2 A. Then
jA þ Aj5minf‘; 2n  3g þ n:
The following conjecture, posed by Freiman and Lev (independently) [8],
is an adequate version for restricted sumsets.
Conjecture (Freiman, Lev). Let A be a set of n > 7 integers such that
gcdðAÞ ¼ 1; A 
 ½0; ‘, and 0; ‘ 2 A. Then
jA þˆ Aj5minf‘; 2n  5g þ n  2 ¼
‘ þ n  2 if ‘42n  5;
3n  7 if ‘52n  4:
(
As observed by Lev, the assertion of the conjecture cannot be
strengthened. To see it consider A ¼ f0; . . . ; n  3g [ f‘  1; ‘g, then
A þˆ A ¼ f1; . . . ; 2n  7g [ f‘  1; . . . ; ‘ þ n  3g [ f2‘  1g.
The ﬁrst non-trivial result towards this problem was given by
Freiman et al. [7] and was improved by Lev [8], who showed the following
inequality:
jA þˆ Aj5
‘ þ n  2 if ‘42n  5;
ð1þ ð1þ
ﬃﬃﬃ
5
p
Þ=2Þn  6 if ‘52n  4:
(
The aim of the next section is, in particular, to prove a result, which is very
close to the conjecture of Freiman and Lev; furthermore, we also extend it
for two distinct sets.
In the case of subsets of Zp (p is a prime number), the ﬁrst non-trivial
result was obtained by Dias da Silva and Hamidoune [4], who settled in the
aﬃrmative a conjecture of Erd +os and Heilbronn [5], which can be stated as
follows. Let A; B 
 Zp, then
jA þˆ Bj5minfjAj þ jBj  3; pg;
where
A þˆ B ¼ fa þ b: a 2 A; b 2 B; aabg:
A more general statement was proved by Alon et al. [1, 2].
If A ¼ B, the following famous ‘‘2.4-theorem’’ of Freiman [6] yields
the best-known result describing the structure of sets A 
 Zp with small
sumsets.
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such that n4p=35 and
jA þ Aj42:4n  3:
Then A is contained in an arithmetic progression in Zp of jA þ Aj  n þ 1
terms.
One could again expect that the structure of sets A 
 Zp is very regular,
provided A þˆ A is small. The best-known result in this direction is due to
Lev [8]. He showed the following.
Theorem (Lev). Let A be a set of n congruence classes modulo p such
that 2004n4p=35 and
jA þˆ Aj42:18n  6:
Then A is contained in an arithmetic progression in Zp of length
jA þˆ Aj  n þ 3.
In Section 2 we will improve the above theorem, by showing that the
constant ‘‘2.18’’ can be replaced by ‘‘2:4 e’’.
2. RESTRICTED SUMSETS
Our approach is very elementary and the crucial argument relies on the
following theorem of Ruzsa [10].
Theorem (Ruzsa). Let A and B be finite non-empty sets of integers and
suppose that A does not contain any three-term arithmetic progression. Then
there exists an absolute constant c > 0 such that
jA þ Bj5cðlog jAjÞ1=9jAj1=4jBj3=4:
The term cðlog jAjÞ1=9 is a consequence of a recent theorem of Bourgain [3]
ðceðlog jAjÞ
ð1=8Þþe is also possible). Now we are ready to formulate the main
result.
Theorem 2.1. There exists an absolute constant g > 0 such that if A and B
are two finite non-empty sets of integers, or residues modulo an integer m > 1,
then
jA þˆ Bj5jA þ Bjð1 gðlog jA þ BjÞ1=9Þ:
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S ¼ fs 2 A \ B: 2seA þˆ Bg;
and note that S does not contain any three-term arithmetic progression.
Indeed, if 2s ¼ s0 þ s00 for some s; s0; s00 2 S s0as00, then in view of s0 2 A and
s00 2 B, one has
2s ¼ s0 þ s00 2 A þˆ B;
a contradiction.
Evidently,
ðA þ BÞ=ðA þˆ BÞ ¼ f2s: s 2 Sg
and therefore
jA þ Bj  jA þˆ Bj ¼ jSj: ð1Þ
If jSj41 we are done, and we assume the opposite.
First, suppose that A and B are sets of integers. Since jA þ Bj5jS þ Sj
and S contains no three-term arithmetic progressions, by Ruzsa’s theorem
we have
jA þ Bj5cjSjðlog jSjÞ1=9;
jSj4gjA þ Bjðlog jA þ BjÞ1=9
with positive absolute constants c and g. From this and (1) the result
follows.
Now assume that A and B are sets of residues modulo m. Then one cannot
apply Ruzsa’s theorem directly to the set S 
 Zm. Instead, we observe that
there always exists an interval I ¼ ½t; t þ m=2
 
 1 
 Zm with
jS \ I j5jSj=2. Deﬁne S0 to be a shift ðS \ IÞ  t, so that
S0 
 ½0; m=2
 
 1. Therefore the cardinality of the set S0 þ S0 does not
change if S0 is considered as a subset of integers. Since S0 is free of three-
term arithmetic progressions, by Ruzsa’s theorem, it follows that
jS0 þ S0j5cðlog jS0jÞ1=9jS0j:
Whence
jS þ Sj ¼ jðS  tÞ þ ðS  tÞj5jS0 þ S0j
5 cðlog jS0jÞ1=9jS0j ¼ c0ðlog jSjÞ1=9jSj;
and the proof can be completed as in the integers’ case. ]
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corollaries, which are analogous of Freiman’s results for restricted sumset
problem (see [6, 9]).
Corollary 2.1. Let A and B be sets of integers such that
gcdðAÞ ¼ 1; A 
 ½0; ‘; 0; ‘ 2 A and 0 2 B. Furthermore suppose that
max B4‘. Then
jA þˆ Bj5minf‘; jAj þ jBjg þ jBj þ oðjAj þ jBjÞ:
Proof. Let us consider two cases depending on jA þ Bj. First suppose
that jA þ Bj53ðjAj þ jBjÞ. Applying Theorem 2.1 we get
jA þˆ Bj5jA þ Bjð1 gðlog jA þ BjÞ1=16Þ52ðjAj þ jBjÞ;
as desired.
Now assume that jA þ Bj43ðjAj þ jBjÞ. Freiman’s result (see for example
[9, Theorem 4.6] gives
jA þ Bj5minf‘; jAj þ jBjg þ jBj  3:
Thus, by Theorem 2.1, we have
jA þˆ Bj5minf‘; jAj þ jBjg þ jBj þ oðjA þ BjÞ;
which completes the proof, ]
In view of Lev’s Theorem 1 in [8] and the above results we can formulate
the following consequence, which almost solves the conjecture of Freiman
and Lev.
Corollary 2.2. Let A be a set of n > 7 integers such that
gcdðAÞ ¼ 1; A 
 ½0; ‘, and 0; ‘ 2 A. Then
jA þˆ Aj5
‘ þ n  2 if ‘42n  5;
3n þ oðnÞ if ‘52n  4:
(
Corollary 2.3. For every e > 0 there exists a constant n0 ¼ n0ðeÞ such
that every set A of n04n4p=35 congruence classes modulo p with
jA þˆ Aj4ð2:4 eÞn
is contained in an arithmetic progression in Zp of jA þˆ Aj  n þ 3 terms.
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jA þ Aj4jA þˆ Ajð1 gðlog jA þ AjÞ1=9Þ142:4n  3;
provided n is suﬃciently large. It follows from Freiman’s ‘‘2.4-theorem’’,
that A is contained in an arithmetic progression modulo p of jA þ Aj 
jAj þ 14ðp  1Þ=2 terms. Let a; d 2 Zp be chosen so that A 

fa; a þ d; . . . ; a þ ððp  1Þ=2Þdg, and consider the set of integers
A0 :¼ fi 2 ½0; ðp  1Þ=2: a þ id ðmod pÞ 2 Ag:
Applying, if necessary, an appropriate aﬃne transformation to A (for details
see [8, Theorem 2]), we can assume that
gcdðA0Þ ¼ 1; minðA0Þ ¼ 0:
Clearly, A0 is isomorphic to A in the sense that a1 þ a2 ¼ a3 þ a4 holds in Zp
for some elements a1; a2; a3; a4 2 A if and only if a01 þ a
0
2 ¼ a
0
3 þ a
0
4 holds in Z
for corresponding elements a01; a
0
2; a
0
3; a
0
4 2 A
0. Consequently,
jA0 þˆ A0j ¼ jA þˆ Aj;
and by Corollary 2.2, we have
maxðA0Þ4jA0 þˆ A0j  jA0j þ 2:
Therefore, A0 is contained in an arithmetic progression of jA0 þˆ A0j
jA0j þ 3 terms, hence A is contained in arithmetic progression modulo p
of jA þˆ Aj  jAj þ 3 terms. ]
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